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Example 2 : « B-Splines »

Method proposed by [Rueckert1999]  [Kybic2003]

Daniel Rueckert, LI Sonoda, C Hayes, DLG Hill, and MO Leach. Nonrigid registration using free-form 
deformations: application to breast MR images. 
IEEE Transactions on Medical Imaging, 18(8):712-721, 1999

• Popular
• Parametric approach
• Very flexible, “adaptive”
• Numerous developments 
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Generic model: optimisation

= the two images to register (reference & moving)

= the sought optimal transformation

= similarity measure

= regularization measure of T

= tradeoff parameter

=  optimization algorithm

Topt = argT max
⇥
↵Esim(A,B, T ) + (1�↵)Ereg(T )
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B-Splines ?

• Deformation field : a pixel by vector
• Alternative representation: parametric
• Deformation at a given point = computation
• Linear combination of piecewise polynomials
• Polynomials of degree r (often cubic r=3)

• Interesting properties
• Compact support
• Continue
• Separable
• Derivable (r-1) times
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B-Splines
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B-Splines
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B-Splines
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B-Splines
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B-Splines
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Parametrised curve
CHAPITRE 2. ESTIMATION DU MOUVEMENT RESPIRATOIRE
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Figure 2.6 – Courbe B-spline de degré 3, chaque B-spline influence la courbe sur un inter-
valle de 4 unités. Les B-splines sous-jacentes associées à leur coefficient sont représentées
en trait discontinu.

— la courbe représentée est lisse (à partir du degré 2),
— la fonction B-spline de degré d est Cd�1 et sa dérivé est une B-spline de degré d� 1.

Surface B-spline Pour définir une surface paramétrique 2D à l’aide de fonctions B-
splines, on utilise une grille de points de contrôle 2D et des fonctions B-splines 2D qui sont
définies comme le produit tensoriel de deux fonctions B-splines 1D. On peut utiliser des
degrés différents pour chacune des B-splines 1D, mais ici nous ne considèrerons que des
B-spline 2D composées de B-splines 1D de même degré.

Soit une fonction B-spline 2D Bd de degré d 2 N

Bd = �
d ⌦ �

d (2.8)

À l’aide de ces fonctions B-splines 2D, on peut construire une surface paramétrique de la
même manière que pour les courbes paramétrique.

Soit une surface paramétrique S : R2 7! R2, B3
j la fonction B-spline 2D de degré trois

centrée en l(j) 2 R2 avec j 2 J ⇢ Z2 et cj le coefficient associé à B3
j .

B3
j(x) = B3(l(j)� x)
S(x) =

P
j2J cjB3

j(x)
(2.9)

Ce type de B-spline est très utilisé en traitement d’image, notamment pour représenter
de manière continue une image. Lorsque l’on utilise autant de points de contrôle que de
voxels dans l’image, on parle d’interpolation. La fonction continue passe alors exactement
par les valeur des voxels. On peut aussi utiliser moins de points de contrôle que de voxels,
on parle alors d’approximation. Ce type de représentation est extensible en n dimensions,
il suffit de faire n produits tensoriels de la fonction B-spline 1D pour obtenir une fonction
B-spline nD.

Transformation B-spline Pour représenter une transformation spatiale, on utilise les
fonctions B-splines afin de représenter une image vectorielle de manière continue (Rueckert
et al., 1999). Le principe reste le même que précédemment sauf qu’au lieu d’utiliser des
coefficients scalaires, on utilise des coefficients vectoriels. Les cj sont alors des vecteurs.

Soit T�(x) la transformation B-spline paramétrée par un ensemble de coefficients cj
que l’on nommera �p

T�(x) = x+
X

j2J
cjB3

j (x) (2.10)

où � contient la concaténation des paramètres cj .

– 46 –
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Cubic B-splines (1D)

• pi = coordinates of the control point I on the support (0,1,2,3)

• u = pi - x 

Cubic B-splines



13

Cardinal Bsplines degrees 
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Grid of control points
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Grid of control points
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B-Splines
• Grid of uniformly spaced control points (e.g. 30 

mm)
• Separable

d the image dimension
r is the B-splines degree
x 3D point coordinate
xj is the jth coordinate of x
ci the B-splines coefficients (a vector)
i the index of the control points with coordinate pij
Bi

r(x) is the tensor product of Br
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N-Dimension BSplines

• In 3D : 3D B-Splines.
• Obtained from tensor product of 1D B-Splines
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N-Dimension BSplines

• In 3D : 3D B-Splines.
• Obtained from tensor product of 1D B-Splines



Recursive Cox-de-Boor formula

Author's personal copy

c o m p u t e r m e t h o d s a n d p r o g r a m s i n b i o m e d i c i n e 9 9 ( 2 0 1 0 ) 172–178 173

interpolated value. For simplicity we will assume in the fol-
lowing that the same spline degree was chosen along all
dimensions. Observations can however easily be extended to
the general case.

During the first step of the indirect transformation we com-
pute the tensor products of the B-spline basis function values
according to the distance between the current position and
each contributing control point in the support region (Eq. (1)).

Step1 ˇr
i (x) =

dY

j

ˇr(pij − xj). (1)

ˇr is the B-spline basis function of degree r, d is the image
dimension, i is the index of a control point with coordinates pij,
x is the position at which we want to evaluate the function and
xj are its coordinates. For a given position x, (r + 1)d different
tensor products are computed, one for each control point with
non-zero weight at x.

The second step required to compute the interpolated
value v(x) involves the linear combination of the tensor prod-
ucts (ˇr

i ) with the corresponding coefficients ci, previously
computed during the direct transformation (Eq. (2)). In the fol-
lowing the term weights will refer exclusively to the B-spline
tensor products ˇr

i .

Step2 v(x) =
(r+1)dX

i

ci ˇr
i (x). (2)

Evaluating the basis function ˇr(e) involves the computation of
a polynomial of degree r. The initial definition of the B-spline
functions is obtained recursively by convolving ˇ0 (n + 1) times
with itself. An analytic expression can also be obtained by
applying the recursive Cox-de Boor formula (Eq. (3)).

ˇr(e) = uM with

⇢
u = [er er−1 . . . e 1]
M matrix of sizek × k with k = r + 1

(3)

M = [Mij] =

2

4 1
(k − 1)!

Ck−1,i

k−1X

m=j

(k − (m + 1))i (−1)m−j Ck,m−j

3

5 (4)

Ci,j = i!
j!(i − j)!

= binomial coefficient (5)

Step 1 requires about 2 × r operations (additions or multi-
plications) for computing one ˇr, thus 2 × r × d for the tensor
product ˇr. There are (r + 1)d different weights. This leads to
a total complexity of O(r × d × (r + 1)d) operations for step 1,
while only O((r + 1)d) for step 2.

If the interpolation is performed with a regular sampling
rate which is a multiple of the control point spacing, the
required weights will reoccur across the image region due to
symmetry. In this case they can be precomputed, stored and
reused, allowing to avoid most of the computational part of
step 1, without any loss of accuracy. However, as generally this
is not the case (e.g. when performing an image rotation or dur-
ing image warping), the exact weights cannot be precomputed.

We propose to extend the range of applications for
which splines can be efficiently calculated using precomputed
weights. For applications where no exact calculation can be
achieved the approximation error is controlled by oversam-
pling the control point grid. Through efficient design of the
weights look-up table (LUT), memory requirements are kept to
a minimum further extending the use of the method to large
scale problems. As we will show in Section 4, the proposed B-
LUT framework can obtain high interpolation accuracy while
offering considerable reduction in computation time.

2. Method

The method consists in approximating the tensor product (Eq.
(1)) by a precomputed one. At interpolation time, step 1 is
replaced by finding the closest precomputed weights in the
LUT. Step 2 can then be applied in a conventional way by
looping over the coefficients and their corresponding weights.

2.1. LUT computation

The computation of the weights is made only once before the
interpolation. By choosing the (over)sampling rate of the pre-
computed weights with respect to the control point grid, it is
possible to control the trade-off between LUT size and approx-
imation accuracy. Note that the whole image region does not
need to be sampled. Since we are assuming uniform B-splines,
it suffices to sample one n-dimensional B-spline support.

Let !j ∈N be the LUT sampling rate for the dimension j.

The size of the LUT is the size of the B-spline support, (r + 1)d,
multiplied by the sampling rate in each dimension

Qd
j !j. The

overall computation time of interpolating an entire image
once can only be reduced if the number of weights to precom-
pute is < (r + 1)d times the number of pixels to interpolate.
In practice however, this is often the case. For example, to
interpolate a 2563 3D image having about 1.6 × 107 pixels, the
number of weights to precompute for a sampling rate equal to
20 is 5.12 × 105 (203 × (3 + 1)3), in comparison to 1.024 × 109

(16 × 106 × (3 + 1)3) weights in total. Assuming single preci-
sion, the LUT memory size requirement is 4 bytes × (r + 1)d ×Qd

j !j, which leads to 2 MB in this case.

2.2. LUT look-up

After computing the weights, step 1 in Eq. (1) is replaced by
finding the optimal precomputed weight in the LUT. The inter-
polation position x is then transformed to its corresponding
position x′ relative to the sampled B-spline support region.

For efficiency, the LUT is indexed such that a single round-
ing operation, denoted %a&, on each of the coordinates of x′

leads to the index in the LUT l of the first element of the list of
all (r + 1)d weights corresponding to the current position, see
Eq. (6). This implies that for each evaluation position a single
look-up replaces step 1, providing all the weights required for
the calculation in step 2 (Eq. (2)).

l =
dX

j=1

 
kj

jY

i

!i−1

!
with kj = %x′

j& and !0 = 1 (6)

The B-Splines function of order n is obtained by n times convolution 
of zero-th order B-spline function (is 1 between [-0.5;+0.5], 0 
elsewhere)
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B-Splines

• Grid of control points
• A each CP : d coefficients

• Example
• Image 

• Spacing 1 x 1 x 2 mm
• Size 512 x 512 x 100 = 26 M pixels
• Memory (Float pixels) 104 Mb (or 312Mb if 3D vector)

• Grid of control points
• Spacing 30 x 30 x 30 mm
• Size X,Y : 512/30+4 = 22 (sup)

Z : 100/30+4 = 8
22 x 22 x 8 =  3872

• Memory 47 Kb

20
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B-Splines FFD

• Other term : FFD Free Form Deformation

21
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Generic model: optimisation

= the two images to register (reference & moving)

= the sought optimal transformation

= similarity measure

= regularization measure of T

= tradeoff parameter

=  optimization algorithm

Topt = argT max
⇥
↵Esim(A,B, T ) + (1�↵)Ereg(T )

⇤

1

Topt = argT max
⇥
↵Esim(A,B, T ) + (1�↵)Ereg(T )

⇤

1

Topt = argT max
⇥
↵Esim(A,B, T ) + (1�↵)Ereg(T )

⇤

1

Topt = argT max
⇥
↵Esim(A,B, T ) + (1�↵)Ereg(T )

⇤

1

Topt = argT max
⇥
↵Esim(A,B, T ) + (1�↵)Ereg(T )

⇤

1

Topt = argT max
⇥
↵Esim(A,B, T ) + (1�↵)Ereg(T )

⇤

1

Topt = argT max
⇥
↵Esim(A,B, T ) + (1�↵)Ereg(T )

⇤

1



23

B-splines parameter derivation

• Optimisation, gradient-based : 
• update parameters (ci) at each iteration
• partial derivatives  

• Derivative of the cost function according to the parameters ci
• Cost function : (weighted) sum of similarity measure and smoothness function.

• Similarity measure: SSD, Mutual Information, etc
• Smoothness function: based on transformation derivative, etc

• Mathematically derived or numerically estimated
(Taylor expansion = fct represented as a sum of its derivatives)
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Stochastic Sampling

• Adaptive stochastic gradient descent  [Klein et al 2009]

• Gradient approximated by stochastic subsampling. 
Voxels are randomly selected at every iteration. 
• Adaptive descent step size : 

• Determined with a decaying function of the iteration number k
• Based on the inner product of the current and previous gradient. Intuitively, if the gradients 

in two consecutive iterations point in (almost) the same direction, it is expected that larger 
steps can be taken. 

• Results : fast convergence using much less voxels at each iterations. 
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B-Splines 

• B-Splines : store the deformation
• To be included in the optimisation

• Similarity measure (e.g. Mutual Information)
• Parameters to optimise : the “ci” coefficients

• Advantages
• Customizable (grid of control, degree)
• Compact (less parameters to optimise)
• Intrinsic regularization 

(but additional regularization could be used)
• Can be used with several similarity measures, with several optimiser
• Developments: cyclicality, etc … 

• Drawbacks
• Is the regularization physically plausible ?
• Computation time could be long




